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SEQUENCE AND SERIES

SEQUENCE
Assuccession of terms a, a,, a, a,........ formed according to some rule or law.
Examplesare: 1,4,9, 16,25
-1,1,-1, 1,........
X ¥ o x
107217 317 4177

REAL SEQUENCE

A sequence whose range is a subset of R is called a real sequence.
E.g. @) 2,5,8, 11, oo

(ii) 4,1,-2,=5, e

(iii) 3,-9,27,=81, oo

A finite sequence has a finite (i.e. limited) number of terms. An infinite sequence has an unlimited number of terms, i.e.
there is no last term.

SERIES
The indicated sum of the terms of a sequence. In the case ofa finite sequence a,a,,a ,................ ,a_the corresponding
n
seriesis a, +a,+a, +...... +a = Z ay. This series has a finite or limited number of terms and is called a finite series.
k=1
PROGRESSION

The word progression refers to sequence or series — finite or infinite

Arithmetic Progression (A:P)

A.P. is a sequence whose terms differ by a fixed number. This fixed number is called the common difference. Ifa is the
first term & d the common difference, then A.P. can be written as

a,atd,a+2d;............. ,at(n—-1)d,.......
(a) n® term of AP'T —a+(n—1)d, whered=t —t

()  Thesum of the firstnterms : S, = g[a +/(]= %[Za +(n-1d]

where 1 is the last term.

- (  KEYPOINTS ) ~

(i) n"termofanA.P.is of the form An+ B i.e. alinear expression in 'n', in such a case the coefficient of n is the common
difference ofthe A.P. i.e. A.

(i) Sum of first 'n' terms of an A.P. is of the form An?>+ Bn i.e. a quadratic expression in 'n', in such case the common

difference is twice the coefficient of n% i.e. 2A

(iii) Alson"term T,= S-S, ,
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Ex. Ift,ofan A.P.is—61 and t, = 64, find t,,.
Sol. Let a be the first term and d be the common difference
SO t,=a+53d=-61 ... (i)
and t,=a+3d=64 . (i)
equation (i) — (ii) we get
= 50d=-125
oS
2
JRL] . 18 (5]
= a= > 0 te= > 7 )=
Ex. If (x + 1), 3x and (4x + 2) are first three terms of an A.P. then find its 5" term.
Sol. (x+1),3x, (4x +2)are in AP
= Ix—x+1)=(4x+2)-3x = x=3
a=4,d=9-4=5 = T,=4+4(5)=24
Ex. Find the sum of all natural numbers divisible by 5, but less than 100.
Sol. All those numbers are 5, 10, 15, 20, ........... ,95.
Here a=5 n=19&1=95
19
So S:?(5+95):950.
Ex. The sum of first n terms of two A.Ps. are in ratio ! . Find the ratio of their 11" terms.
Sol. Let a, and a, be the first terms and d, and d, be the common differences of two A.P.s respectively then
n n-1
E[2a1+(n—l)d1] o+l a1+(Tjd1  Tntl
28, +(n-1)d,] 4n+27 a2+(n—_1jd2 n+27
Forratio of 1 1" terms
n=1_19 = n=21
2
. 72D +1 148 4
so ratio of 11" terms is = =—
421)+27 111 3
Properties of A%P.
(i) The first term and common difference can be zero, positive or negative (or any complex number.)
(ii) Ifa,b,careinA.P. = 2b=a+c&ifa,b,c,dareinAP. = a+d=b+c.
(iii) Three numbers in A.P. can be takenasa—d, a,a+d;
four numbers in A.P. can be taken as a—3d,a—d, a+d, a+3d;
five numbers in A.P. area—2d,a—d, a,a+d,a+2d;
six terms inA.P. area—5d,a—3d,a—d,a+d,a+3d,a+5detc.
(iv) The sum of the terms of an A.P. equidistant from the beginning & end is constant and equal to the sum of
first & last terms.
(\Y) Any term of an A.P. (except the first) is equal to half the sum of terms which are equidistant from it.

a, =1/2(a ,+a ), k<n Fork=1,a =(1/2)(a,_ +a,,,);
for k=2,a =(1/2)(a,,*+a,,,) and so on.
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(vi)

(vii)

(vii)

Ex.
Sol.

Ex.

Sol.

If each term of an A.P. is increased, decreased, multiplied or divided by the same non-zero number, then the
resulting sequence is also an AP.

The sum and difference of two AP's is an AP.

k™ term from the last = (n — k +1)® term from the beginning.

Four numbers are in A.P. If their sum is 20 and the sum of their squares is 120, then find the middle terms.
Let the numbersarea—3d,a—d,a+d,a+3d

given, a—3d+a—-d+a+d+a+3d=20 = 4a=20 = a=>5

and (a—3d)*+(a—d)*+(a+d)*+(a+3d)*=120 = 4a?+20d*=120

= 4x5*+20d>=120

= d*=1bd=+1

Hence numbers are 2,4, 6, 8

Ifa,a,a,...... ,a_are in A.P. where a > 0 for all i, show that :

(n=1)

1 1 1
+ +.o + =
\/al+\/a2 \]a2+\/a3 \/anfl—‘r\/an \/al+\/an

(az _al) (az _az) ...... a,=a,
Let'd' is the common difference of this A.P:
then a,-a,=a,—a,= ... =a —a‘ =d
Now LH.S.

a,—a, N a1+(n—l)d—al B 1 (n—])d

=RHS.

n—1
) i)~ da ) Yo e

Geometric{Progression (G.P.)

G.P. is a sequence of non zero numbers each of the succeeding term is equal to the preceeding term multiplied by a
constant. Thus in a GP the ratio of successive terms is constant. This constant factor is called the COMMON RATIO
of the sequence & is obtained by dividing any term by the immediately previous term.
Therefore a, ar, ar?, ar’, ar*, .......... is a GP with 'a' as the first term & 'r' as common ratio.

(a) n"term; T =ar" '

a@" -1)
r—

) Sum of the first n terms; S, = Jifr =1

(¢)  Sumofinfinite GP., S, =1L; 0<|r|<l1
-r
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Ex. If the first term of G.P. is 7, its n™ term is 448 and sum of first n terms is 889, then find the fifth term of G.P.

Sol. Givena="7
t =ar" '=7(r)" '=448.
= T =448 r
a(r" =1) _ 7(r" =1)

Also S =
" r—1 r—1
448r -7
= 889 = —7— r=2
r—1

Hence T, =ar*=7(2)*=112.

E LtS*1+l+l+l+ find th f
X. etS= St gty T , find the sum o
>i) first 20 terms of the series (ii) infinite terms of the series.
20
. L2 ) 2% § nE
Sol. @) S, = 1_1 = ZT' (ii) S, 1_1 =2.
2

Properties of G.P.
&) Ifeach term of a G.P. be multiplied or divided by the some non-zero quantity, then the resulting sequence is also a G.P.
(b) Three consecutive terms of a GP : a/r, a, ar;

Four consecutive terms ofa GP:  a/r’, a/r, ar, ar’ & so on.
(©) Ifa, b, ¢ are in G.P. then b? =ac.
()] Ifin a G.P, the product of two terms which are equidistant from the first and the last term, is constant and is equal to

the product of first and last term. = T,.T , = constant=a.l
(e) If each term of a G.P. be raised to the same power, then resulting sequence is also a G.P.
® InaGP, T?=T_.T_, k<rr=l1
@ If the terms of a given G.P: are'chosen at regular intervals, then the new sequence is also a G.P.
(h) Ifa,a,a,...a isaGP. of positive terms, then loga , log a,,.....log a_is an A.P. and vice-versa.

. . a, a, a . .
(@) Ifa,a,a,..andb;, b, b, . aretwo GP'sthenab ab,ab,... L2 S is also in G.P.
1 2 3
Ex. Find three numbers in G.P. having sum 19 and product 216.
a
Sol. Let the three numbers be ;, a, ar
1 .
SO a|—+1+r|{=19 ... (i)
r
and a’=216 = a=6
so from (i) 6r2—13r+6=0.
32
= r= 203

Hence the three numbers are 4, 6, 9.

Y
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Ex. Ifa, b, ¢, d and p are distinct real numbers such that

(a2 +b%+¢? )p2 —2p(ab+bc+ed)+ (b2 +c+d? ) <0 then which progession is suitable for a, b, c, d.

Sol. Here, the given condition (a2 +b%+c? )p2 —2p(ab+ be+ ca)—i—b2 +ct+d* <0

= (ap—b)2 -i—(bp—c)2 -i—(cp—d)2 <0
Q a square can not be negative

ap—-b=0,bp-c=0,cp—-d=0 = p=—=—=

R = a,b,c,darein GP.
a

o |a

i
b

Ex. Using G.P. express 0.3 and 1.23 as % form.
Sol.  Let  x=0.3 =03333 e

=0.3+0.03+0.003+0.0003+.............
3 3
=Tt ot T e
10 100 1000 10000

Let y =123
=1.233333
=1.2+0.03+0.003 +0.0003 +.............
:12+i+i+—+
B (S T
3
2 1 37
1_0i21.2+%:£.
10

=12+

Harmonic Progression (H.P.)
A sequence is said to be in H.P. ifthe reciprocal of its terms are in AP.
Ifthe sequence a, a,, a,, ....... saisanHP thenl/a, 1/a,......... , 1/a_isan AP . Here we do not have the formula for

1 1 1 1
the sum of the n terms of an HP. The general form of a harmonic progression is —»

a’a+d’ a+2d’ a+(n-1)d
No term of any H.P. can be zero.
(a) Here we do not have the formula for the sum of the n terms of an H.P.. For H.P. whose first term is a and second
term is b, then™ term is t = __ab
’ " b+ (m-1(a-b)’
- (  KEYPOINTS ) \
. 2ac a a-b
(i) Ifa,b,careinHP. = b= or — = .
a+c ¢ b-c
= a
(ii) Ifa,b,carcinA.P. = azb_2
b-c a
. a-b a
(iii) Ifa,b,care inGP. = ==
b-c b
\. J
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1 1 1 1 )
Ex. If —+—+ + =0, prove thata,b,carein HP,orb=a+c
a ¢ a-b c-b
1 1 1 1
Sol. We have —+—+ +——=0,
a ¢ a-b c-b
N a+c+c—b+a—b N a+c (a+c)=2b
ac  (a—b)(c—b) ac ac—b(a+c)+b’
Let a+tc=1
L A-2b
ac  ac—bi+b’
2 2
- ach—b\" +b k+ack—2abczo
ac(ac—bh+b%)
= 2acl —bl*+b%l—2abc=0
= 2ac(1-b)-bl(1-b)=0 = (2ac—bl)(1-b)=0
= I=bor A=2%
b
2ac
= atc=b ora+c:T (vatc=]
2ac
= atc=b or b=
a+c

a,b,careinH.P.ora+c=b.

Ex. If m" term of H.P. is n, while n® term is m, find its (m #n)" term.
1
Sol. Given T =nor —————— =n; where a is the first term and d is the common difference of the
m a+(m-1)d
corresponding A.P.
1
S +(m-— =—
SO at+(m-1)d o
1 m-—n
and a+(n71)dza = (m—n)d=
1 1 m-1 1
or d:_ So a:_*( ):_
mn n mn mn
H T ! = =
ence =—> 5= = .
m+n  a+(m+n-1)d  1+m+n-1 m+n
MEANS
(a) Arithmétie’Mean (A.M.)

If three terms are in A.P. then the middle term is called the A.M. between the other two, so ifa, b, care in A.P., b is

at+c

AM.ofa&c.SoAM.ofaandc= b.

n-Arithmetic Means Between two Numbers

Ifa,b be any two given numbers & a, A, A, .......... ,A,barein AP, thenA,A,,........ A_ are the 'n' A.M’s between
a&bthen.A =a+d,A =a+2d,...,A=a+ndorb-d, where d=b_‘11
n+
b-a 2(b—
= A=a+——, A2=a+(—a), .......
n n+1

C Sequence and Series )

Y

144



( JEE MAIN & ADVANCED ) (__Maths )

(ETOOS KEY POINTS )

Sum of n A.M's inserted between a & b is equal to n times the single A.M. between

a&bi.e. Z A, =nd where Ais the single A.M. between a & b.

r=1

Ex.

Sol.

Sol.

(b)

Insert 20 A.M. between 2 and 86.

Here 2 is the first term and 86 is the 22" term of A.P. so 86 =2 + (21)d
= d=4

so the seriesis 2, 6, 10, 14,....... , 82,86

required means are 6, 10, 14,...,82.

. 13 ..
Between two numbers whose sum is z, an even number of A.M.s is inserted; the sum of these means

exceeds their number by unity. Find the number of means.

Let a and b be two numbers and 2n A.M.s are inserted between a and b, then
2n
5 (a+b)=2n+1.

n(gj =2n+1. [givena+b=£}
6 6

= n=06.
Number of means = 12.
Geometric Mean (G.M.)

Ifa, b, care in G.P.,, then b is the GM. between a & ¢, b>=ac. So GM. ofaandc=+ac =b

n-Geometric Means Betweemytwo Numbers
If a, b are two given positive numbers & a, G, G, . ,G,, bareinGP.Then G,,G,, G, ,....... G, are'n'
G.Ms between a & b.

G, =a(b/a)'™", G, =ab/ay' ™", s , G, =ab/a)’""

=ar, =A%, e, = ar" = b/r, where = (b/a)'/™"!

( KEYPOINTS )

N v 4

The product of n G.M.s between a & b is equal to the nth power of the single GM. betweena & b

ie. H G, = (\/E)n =G", where G is the single G.M. between a & b.
r=1

Ex.

Sol.

Insert 4 G.M.s between 2 and 486.

1

b n+l

Common ratio of the series is given by r = (—j =(243)"5=3
a

Hence four GM.sare 6,18, 54, 162.
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(©

Ex.
Sol.

Harmonic Mean (H.M.)

+c

2
Ifa, b, c are in H.P., then b is H.M. between a & ¢. So H.M. ofaand ¢ = P ac b.

n-Harmonic Means Between two Numbers

a, H, H, H,........ ,H,b—>HP
L L BINY
a H H, H, H b
11
1 1 m+p —~ p=ba
b a n+1
LI
L:l_,_ b _a
H, a n+1
2 2
Insert 4 H.M between 3 and IR
Let 'd' be the common difference of corresponding A.P..
13 3
So d:uzl.
5
H 2 2 o 175
13,7 _2
H2_2+2_2 or Hz—7
R L —
H, 27772 o 59
L3, .1 AN 2
H, 727" 2 ° JEETR

RELATION BETWEEN A.M. , GM. , H.M.

M

IfA, G, H are respectively A-M., GM., H.M. between a & b both being positive,

then G*=AH (i.e. A, G Harein GP.)andA>G >H.

AM. 2 GM.2eHYM.

Leta,a,a, <. a_be n positive real numbers, then we define their
ajta, +a; +..... +a

AM.= = their
n

GM.=(aa,a, ... a )™ and their

HM.= T ]

It can be shown that

A.M.=GM. = H.M. and equality holds at either places iff

( Sequence and Series )
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3 6
Ex. The A.M. of two numbers exceeds the G.M. by 5 and the G.M. exceeds the H.M. by 5 find the numbers.

Sol. Let the numbers be a and b, now using the relation
3 6 3 9
2 -1 G+= G—— =2+ —(Gg_=
GAH( 2)( SJG 0975
= G=6
ie. ab=36

also a+tb=15

Hence the two numbers are 3 and 12.

Ex. If 2x* + ax? + bx + 4 =0 (a and b are positive real numbers) has 3 real roots, then prove thata +b > 6(2'7 +413),
Sol. Leta, b, g be the roots of 2x3 + ax*> + bx + 4 = 0. Given that all the coefficients are positive, so all the roots
will be negative.
a
Leta =-a,a,=-b,a,=—¢ = a1+a2+a325
b
aa,taa +aa-= 5
aaa=2

Applying AM > GM, we have

al +(x'2 + a3 1/3
fz(ohazaa) = a>6x2"?
Also 2 - %3&3 o (o,0,0,)" = b36 x4

Therefore a+b>6(2'7+4'%),

a b ¢
Ex. Ifa, b,c >0, prove that = + — += >3
b c.a
Sol. Using the relation A.M. > GM. we have
a+b+c 1
b ¢ a (a b cj3 a b
2 [ === = —+—=+—=2>3
3 b ca a

ARITHMETICO GEOMETRIC SERIES
A series, €ach term of which is formed by multiplying the corresponding term of an A.P. & GP. is called the

Arithmetico-Geometric Series, e.g. 1+3x+5x>+7x*+.........

Here1,3,5, ........ areinAP. &1, X, X, x> e are in GP.

(a) Sum of n terms of an Arithmetico-Geometric Series
Let S, =a+@+dr+@+2dy® +.......... +la+@m-1dp™!

_ -l _ n
then S, = a +dr(1 r2 ) [a+(n-1d] r ezl
1-r 1-r) -7

(b) Sum of n terms of an Arithmetico-Geometric Series when n — o

IF0<|r|<1 & n -0, then Limr"=0,5, =+
n—n I-r (1-1)

( Sequence and Series ) 147




( JEE MAIN & ADVANCED )

Ex.

Sol.

Sol.

Ex.

Sol.

4
Find the sum of the series 1 + g + 5—2 + 5—3 S to n terms.
4 7 10 3n-2 ,
LetS:1+g+5—2+5—3+ ...... +F ..... >i)
1 S_l+i+l+ +3n—5+3n—2 B
5 =3 g T e S s (ii)
(i) — (il)) >
PP S R RN M
5 - 5 52 53 ....... Sn_l - Sn
4S 1+5 5 3n-2 1+3 3 1  3n-2
_ = — _ — X _
5 L 5" 4 4 5 5
5
7 12ne7 o U3 (e
T4 45 - T 16 16.5
Find the sum of series 4 — 9x + 16x>—25x* +36x*—49x>+ ......... o0,

Let S=4-9x+ 16x>—25x> +36x*—49x° +......... o)
—Sx=—4x+9x*— 16x°+25x* - 36x°+.......... ©
On subtraction, we get
S(1+x)=4-5x+7x>-9x*+ 11x*— 13x° +......& 0
S +x)x=—4x+5x>- 7+ 9x* — 1 1x°+.....0.. ©
On subtraction, we get

S(1+x)*=4—x+2x2—2x*+2x* - 2x° +...00 o0

=4 —x+2x*(1 —x+x2—.i0... w0)=4-x+ =
1+x 1+x
_ 443x+x"
(1+x)3
Evaluate 1 +2x +3x2+4x> + ......... upto infinity, where | x | < 1.
Let S =1+2x+3x2+4x*+..... .. (@)
xS = O0x+2x2+33+ . L (i)
()-() = (1-x)S=1+x+x2+x3+.........
G
or = 1—x)

SIGMA NOTATIONS ( X )

Properties

@) d(a,xb)=>a +>bh ®) Yka =k) a,

r=1 r=1

© D k=nk ;wherek is a constant.

r=1

C Sequence and Series
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< n(n+1)

(@ Z r= > (sum of the first n natural numbers)
r=1
S o n(n+1)(2n+1)

(b) 2= — ¢ (sumofthe squares of the first n natural numbers)
r=1
n 2 +1 2 n 2

(© Zr3 = n(nT) = [Z F} (sum of the cubes of the first n natural numbers)
r=1 r=1

n

@ 3t = 3”—0(n )2+ 1)(Bn% +3n-1)

r=1

(e) Z(Zf ~=n’ (sum of first n odd natural numbers)
r=1
® er =n(n+1) (sum of first n even natural numbers)

r=1

(  KEYPOINTS )

{ Maths )

4

If n term of a sequence is given by T =an”Fbn” T cn+d where a, b, c, d are constants,

then sum of nterms S =ST = aSn®+ bSn? + ¢Sn + Sd

Ex.

Sol.

Sol.

Ex.

Sol.

Find the sum of the series to n terms whose general term is 2n + 1.
z =XT =2(2n+1)
=2¥n+%1
2(n+1)n
=T 5 +n=n’+2n

. P P+2 P42 43 .
Sum up to 16 terms of the series —+ + ..o is
1 143 1+3+5

LS e

P+2°+3+..+n° { 2 4 (n+1)°

"14345+...(2n-1) g{2+2(n—1)} g '
s =5t =Ly i lyedy _1n(nt1)(2n+1) 1 n(ntl)
470 Ty 4 6 Pl

16.17.33 _16.17 16
Si6 = +T+

2 =446
24 4

n i j
Find the value of the expression ZZ Zl

i=lj=1k=1

D NEEEP

i=lj=1k=1 i=1j=1

_gugﬁ_é{gf+gﬂ

1 [n(n+1)(2n+l)+n(n+l)}
"2 6 2
n(n+1) n(n+1)(n+2)

D [2n+1+3]= 6
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METHOD OF DIFFERENCE

@

b)

@

b)

Ex.

Sol.

Some times the n term of a sequence or a series can not be determined by the method, we have discussed earlier.

So we compute the difference between the successive terms of given sequence for obtained the n terms.

IfT,T,,T,.... ,T  are the terms of a sequence then some times the terms T~ T, T~ T,,......... constitute an AP/GP.
n' term of the series is determined & the sum to n terms of the sequence can easily be obtained.

Method of Difference for Finding n™ Term

Letu,u,u, ... be a sequence, such that u, —u,u,—u, ......... is either an A.P. or a G.P. then nth term u_of this
sequence is obtained as follows

S=u +tu,tu+..... tuo (i)

S= u tu, +u TU (i)

H—(@) = u=u+-u)+@-u)t..... +(u,-u_)

Where the series (u,—u) + (u,—u,) +......... +(u-u )is

either in A.P. or in G.P. then we can find u.

n
So sum of series S = Z U,

r=1

Case - 1

If difference series are in A.P., then

Let T =an’+bn + c, where a, b, ¢ are constant
If difference of difference series are in A.P.

Let T, =an’+bn’+cn+d, where a, b, c, d are constant
Case - 11

If difference are in G.P., then

Let T =ar"+b, where r is common ratio'& a, b are constant

If difference of difference are in G.P., then

Let T =ar"+bn+ ¢, where r is’common ratio & a, b, ¢ are constant

Determine constant by puttingn=1,2,3 ....... n and putting the value of T, T, T, ...... and sum of series (S ) = ZT,,

Find the sumton-terms3 +7+13+21+.........

Let S=34+7+13+21+......... T, @
S=,3+7+13+............ +T +T. . (i)
(i) - (i)
= T =3+4+6+8+.... +(T,-T, )
n-1
:3+T[8+(n72)2]
=3+(1n-1)(n+2)
=n’+n+1
Hence S=X(n’+n+1)
=2Xn+Xn+21
+D)(2n+1 +1
_n(@ )‘fn )+n(n2 )Jrn :%(n2+3n+5)
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Method of Difference for Finding s

If possible express 1™ term as difference of two terms as t ==+ (f(r) — f(r + 1)). This can be explained with the help of
examples given below.

t, =f(1)—f(0),
t, =f(2)—f(1),

t =f(n)—f(n-1)
= S, =f(n)—f(0)

Ex. Find the sum of n-terms of the series 1.2 +2.3+3.4+..........
Sol. Let T, be the general term of the series
So T =r(+1).
To express t = f(r) - f(r—1) multiply and divide t by [(r +2)—(r—1)]

So T=5@+)[r+2)-(r-1)]

W |~

:é [r@+1)(+2)—(-Dr(r+1)]
1
Let f(r)= 5 r(r+1)(r+2)

So T =[f(r)-f(r-D)].

Nows:ZITr =T, +T,+ T, + .o T}

[1.2.3-0]

W | —

T,=

1
T3 [2.3.4-1.2.3]

W | —

T,==[3.4.5-2.3.4]

[n(n+1) (n+2)—(n—Dn (n+1)]

.
n3

:%n(n+1)(n+2)

Hence sum of series is f(n) — f(0).
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Ex. Find the nth term and the sum of n term of the series 2+ 12+36+80+ 150+252+..........
Sol. Let S=2+12+36+80+150+252+................ L e (i)
S=2+12+36+80+150+252+......... +T_+T. .. (ii)
() — (i)
= T =2+10+24+44+70+102+............... +T-Try .. (iii)
T =2+10+24+44+70+102+....... +(T,_-T _)+(T T, ) weee(iV)
(iiii) — (iv)

= T,-T, =2+8+14+20+26+.....

n
=5 [4+@-D6l=nBn-1] =T,-T, = 3n-n

. general term of given seriesis 2 (T —T ) =X (3n*—n)=n’+n’
Hence sum of this series is

n’*(n+1)° . n(n+h@2n+1) n(n+1)

= 34 2 —
S=>n*+2Xn 2 6 1

(B3n*+7Tn+2)
— om0+ Gnt )

< n &1
Be o If 20 =g (D0 +2)(1+3) then find 27

r=1 r=1"r

Sol. T =S -S

_ Z:,Tr_anTr _n(n+)(n+2)(n+3) (n-Dn@+D(n+2) n(n+1)(n+2)[(n+3)_(n_1)]

8 8 8
T:n(n+1)(n-l-2)(4):n(n+1)(n+2)
n 8 2

1_ 2 R I .
- T, n(n+)n+2)" n(n+D)(n+2) nnr+l) @+DnH+2) = ®
Let = !

" n(n+l)

1

Fn:Vn_VnH
Putting n=1,2,3,...n
= l+i+i+ ....... +L:(V1—Vn+1)

L T, T T,

iL_ n* +3n
T. 2(n+)mn+2)

r=1"r
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Note

(i)

(iii)

()

TIPS AND TRICKS
Arithmetic Progression (AP)
AP is sequence whose terms increase or decrease by a fixed number. This fixed number is called the
Common Difference. If ‘a’is the first term & ‘d’ is the common difference, then AP can be written as
a,a+td,a+2d,.......... at(n-1)d,..........

(2) n™ term of this AP T, =a+ (n— 1)d, whered=T,-T,_,

(b) The sum of the first n terms : Sn = % [2a+(n—1)d]= % [a+ ¢]where ¢ is the last term.

(c) Alsonthterm T =S -S_,

Sum of first n terms of an A.P. is of the form An?> + Bn i.e. a quadratic expression in n, in such case the common
difference twice the coefficient of n?i.e. 2A

n™ term of an A.P. is of the form A, + Bi.e. alinear expression in n, in such case the coefficient of n is the common
difference of A.P.i.c. A

Three numbers is AP can be taken as a — d, a, a + d; four numbers in AP can be.takenasa—3d,a—d,a+d,a+3d
five numbersinAParea—2d,a—d,a,a+d,a+2d &sixtermsinAParea—~5d,a—3d,a—d,a+d,a+3d,a+5detc.

If for A.P. pth termis q, q" term is p, then r'" term is =p + q — r & (P +q)® term is 0.

Geometric Progression (GP)

GP is a sequence of numbers whose first term is non-zero & each of the succeeding terms is equal to the preceeding
terms multiplied by a constant. Thus in a GP the ratio of successive terms is constant. This constant factor is called
the COMMON RATIO of'the series & is obtained by,dividing any term by the immediately previous term.

Therefore a, ar, ar?, ar>, ar,......... is a GP with ‘a’ as the first term & ‘r’ as common ratio.

. — gl
(a) nthterm T =ar"

(b) Sum of the firstnterms S_=
r R

,ifr;t 1

(¢) Sum of infinite GP when [r|<1&n— o ,"—>0 S =1i;|r|<1
-

(d) Any 3 consecutive terms of a GP can be taken as a/r, a, ar ; any 4 consecutive terms of a GP can be taken as a/r3,
a/r, ar, ar3 & so on.
(e) Ifa,b, c arein GP = b? =ac = loga, logb, logc, are in A.P.

Harmonie Progression (HP)

A sequence is said to HP if the reciprocals of its terms are in AP. If the sequence a, a,, a;......,a, is an HP then 1/a,,
1ay,. e 1/a is an AP & converse. Here we do not have the formula for the sum of the n terms of an HP. The general

form of a harmonic progression is l, Lo !

a’a+d a+2d’ a+(n-1)d

2
Note : No term of any H.P can be zero. Ifa,b,carein HP = b= ic
a

Means

Y
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(@

Note

(b)

Note

Arithmetic Mean (AM)

If three terms are in AP then the middle term is called the AM between the other two, so if a, b, ¢ are in AP, b is AM
ofa&c.

n-Arithmetic Means Between two Numbers

Ifa, b are any two given numbers & a, A}, A,,..... A ,barein APthenA |, A,,....A are then AM's betweena & b, then

b-a
A, =a+d, A =a+2d,..,A =a+nd, whered= Tl

Sum of n AM’s inserted between a & b is equal to n times the single AM betweena & b i.e. ZAr =nA where A is

r=1
the single AM between a & b.
Geometric Mean (GM)
Ifa, b, c are in GP, b is the GM between a & ¢, b?> =ac, therefore b= Jac

n-Geometric Means Between two Numbers
Ifa, b are two given positive numbers & a, G, G,,.....G,, b are in GP then' G 7 G,, G ,.....G, are n GMs betweena & b.

G,=ar,G,=ar, ....... G, =ar,, wherer=(b/a)1/"*!

The product of n GMs betweena & b i.e. HGr = (G)" where G is the single GM between a & b
r=1

(¢) Harmonic Mean (HM)

5.

2ac

Ifa, b, c are in HP, then b is HM betweena & ¢, then b = a_+c .

Important Note

(i) IfA, G, H are respectively AM, GM, HM between two positive number a & b then
(a) G*=AH (A, G, H constitute a GP)
(b)A>G>H
(¢) A=G=H = a=b

(ii) Leta, a,, ....... a_be n positive real numbers, then we define their arithmetic mean (A), geometric mean (G) and

a
. 1
harmonic mean (H) asA =

It can be shown that A > G > H. Moreover equality holds at either place if and only ifa, =a, = ...... =a

Arithmetico — Geometric Series
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Sum of First n terms of an Arithmetico-Geometric Series

LetS =a+(a+dr+(a+2d)r?+...... +[a+(n—1)d]r* ' thenS = 2y 5
n no—r (l—r) I-r

Sum to Infinity

Iflr|<1&n—> o then Limr" =0 =S, =2+ 9F .
n—w 1-1 (l—r)

6. Sigma Notations

Theorems

(a) Z(ar ibr) =Qat)b (b) Zkar = kzar (c) Zk = nk ; where ks a constant.

r=1 r=1 r=1 r=1 r=1 r=1
7. Results
n(n+1

) (sum of the first n natural numbers)

() Xr=

3 =n(n+l)(2n+l)

(b) 21’

7 (sum of the squares of the first n.natural numbers)
r=1

LU n’ (n + 1)2 a7
() z rE T r | (sum of the cubes of'the first n natural numbers)

r=1

() §r4 = 310(n+1)(2n+1)(3n2 +3n 1)

8. Method of Difference
Some times the n" term of a sequence or a series can not be determined by the method, we have discussed earlier.
So we compute the difference between the successive terms of given sequence for obtained the n terms.

IFT,T, T , T, are the terms of a sequence then some times the terms T~ T, T,—T,,......... constitute an AP/GP.
n' term of the series is determined & the sum to n terms of the sequence can easily be obtained.
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